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Abstract
Let w be some Ap weight and enjoy reverse Hölder inequality, and let L = − + V be a Schrödinger
operator on Rn, where V ∈ L1loc(Rn) is a non-negative function on Rn. In this article we introduce weighted
Hardy spaces H 1
L,w
(Rn) associated to L in terms of the area function characterization, and prove their
atomic characters. We show that the Riesz transform ∇L−1/2 associated to L is bounded on Lpw(Rn) for
1 < p < 2, and bounded from H 1
L,w
(Rn) to the classical weighted Hardy space H 1w(Rn).
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction
Let n 1 and V be a locally integrable non-negative function on Rn, not identically zero. We
define form Q by
Q(u,v) :=
∫
Rn
∇u∇v dx +
∫
Rn
V uv dx (1.1)
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D(Q) :=
{
u ∈ W 1,2(Rn): ∫
Rn
V |u|2 dx < ∞
}
. (1.2)
It is well known that this symmetric form is closed. Note also that it was shown by Simon [29]
that this form coincides with the minimal closure of the form given by the same expression but
defined on C∞0 (Rn) (the space of C∞ functions with compact supports). In other words, C∞0 (Rn)
is a core of the form Q.
Let us denote by L the self-adjoint operator associated with Q. The domain of L is given by
D(L) :=
{
u ∈ D(Q): ∃v ∈ L2(Rn) such that Q(u,ϕ) = ∫
Rn
vϕ¯ dx, ∀ϕ ∈ D(Q)
}
.
Formally, we write L = − + V as a Schrödinger operator with potential V . Since V is a
non-negative function on Rn, the Feynman–Kac formula implies that the kernel pt(x, y) of the
semigroup e−tL satisfies the estimate
0 pt(x, y)
1
(4πt)n/2
e−
|x−y|2
4t (1.3)
for all t > 0 and x, y ∈ Rn. See, for instance, p. 195 of [32].
In this article we consider Riesz transform ∇L−1/2 associated to L, defined by
∇L−1/2 = 1√
π
∞∫
0
∇e−tL dt√
t
. (1.4)
The operator ∇L−1/2 is bounded on L2(Rn) (see for example, Chapter VI of [23] or p. 254,
Theorem 8.1 of [32]). Moreover, it was proved in [11] that by the molecular decomposition of
functions in the Hardy space H 1L(Rn) associated to operator L, the operator ∇L−1/2 is bounded
from H 1L(R
n) into L1(Rn), and by interpolation, bounded on Lp(Rn) for all 1 <p  2. See also
Shen’s result, Theorem 0.5 of [27] for Lp-boundedness of Riesz transform of certain Schrödinger
operators −+V . We note that for p > 2, the counter-example studied in [27] with the potential
V (x) = |x|−2 shows that the operator ∇(−+V )−1/2 is not necessarily bounded on Lp . How-
ever, Lp-boundedness of Riesz transform for large values of p can be obtained if one imposes
certain additional regularity conditions on the potential V (see [27]).
In this article we will study boundedness of Riesz transform ∇L−1/2 on weighted Lp-spaces
and weighted Hardy spaces H 1L,w(Rn) associated to an operator L (see Section 2 below), where
w is a Muckenhoupt’s Ap weight. Our main result is the following theorem.
Theorem 1.1. Assume that L = −+V , where V ∈ L1loc(Rn) is a non-negative function on Rn.
Let 1 p < 2 and w ∈ Ap ∩RH(2/p)′ . Then we have
(i) if 1 <p < 2, then the operator ∇L−1/2 is bounded from Lpw(Rn) to Lpw(Rn);
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Hardy spaces H 1w(Rn).
We note that L = − is the Laplace operator on Rn, it was proved in [24] that the classical
Riesz transform ∇−1/2 is bounded on the classical weighted Hardy space H 1w(Rn).
The layout of the paper is as follows. In Section 2, we introduce some notation and preliminary
lemmas, which are useful in the sequel. In Section 3, we introduce and develop weighted Hardy
spaces H 1L,w(R
n) associated to a non-negative, self-adjoint operator with Gaussian upper bounds
on its heat kernel, and give an atomic decomposition for these weighted Hardy spaces. Our main
result, Theorem 1.1, will be proved by using heat kernel estimates, an atomic decomposition of
weighted Hardy spaces H 1L,w(Rn) associated to Schrödinger operators, and weighted atomic (or
molecular) characterization for classical weighted Hardy spaces H 1w(Rn).
Throughout, the letter “C” or “c” will denote (possibly different) constants that are indepen-
dent of the essential variables.
2. Notation and preliminaries
Throughout this article, we shall denote w(E) := ∫
E
w(x)dx for any set E ⊂ Rn. For 1 
p ∞, denote p′ the adjoint number of p, i.e. 1/p + 1/p′ = 1.
2.1. Muckenhoupt weights
We review some needed background on Muckenhoupt weights. We use the notation
−
∫
E
h(x)dx = 1|E|
∫
E
h(x)dx.
A weight w is a non-negative locally integrable function on Rn. We say that w ∈ Ap , 1 <p < ∞,
if there exists a constant C such that for every ball B ⊂ Rn,
(
−
∫
B
wdx
)(
−
∫
B
w−1/(p−1) dx
)p−1
 C.
For p = 1, we say that w ∈ A1 if there is a constant C such that for every ball B ⊂ Rn,
−
∫
B
w(y)dy  Cw(x) for a.e. x ∈ B.
The reverse Hölder classes are defined in the following way: w ∈ RHq , 1 < q < ∞, if there is a
constant C such that for any ball B ⊂ Rn,
(
−
∫
wq dx
)1/q
 C −
∫
wdx.B B
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that for any ball B ⊂ Rn,
w(y) C −
∫
B
w(x)dx, for a.e. y ∈ B.
Let w ∈ A∞, for 1  p < ∞, the weighted Lebesgue spaces Lpw can be defined by
{f : ∫
Rn
|f (x)|pw(x)dx < ∞} with norm ‖f ‖Lpw := (
∫
Rn
|f (x)|pw(x)dx)1/p .
We sum up some of the properties of classes in the following results.
Lemma 2.1. we have the following properties:
(i) A1 ⊂ Ap ⊂ Aq for 1 p  q < ∞.
(ii) RH∞ ⊂ RHq ⊂ RHp for 1 <p  q < ∞.
(iii) If w ∈ Ap , 1 < p < ∞, then there exists 1 < q < p such that w ∈ Aq .
(iv) If w ∈ RHq , 1 < q < ∞, then there exists q < p < ∞ such that w ∈ RHp .
(v) A∞ =⋃1p<∞ Ap =⋃1<q∞ RHq .
(vi) If 1 <p < ∞, w ∈ Ap if and only if w1−p′ ∈ Ap′ .
(vii) Let w ∈ Ap , p  1. Then for any ball B and λ > 1, we have that w(λB) Cλnpw(B) for
some constant C independent of B and λ.
Proof. Properties (i)–(iv) are standard, see for instance, [19,30,10]. For (vii), see [22]. 
Lemma 2.2. Denote any ball B and any measurable subset E of B . Let w ∈ Ap , p  1. Then,
there exists constant C1 > 0 such that
C1
( |E|
|B|
)p
 w(E)
w(B)
.
If w ∈ RHr , r > 1. Then, there exists constant C2 > 0 such that
w(E)
w(B)
 C2
( |E|
|B|
)(r−1)/r
.
Proof. For the proof, we refer to [19] and [10]. 
Note. Given 1 < p < ∞, we observe that if w is any given weight so that w,w1−p′ ∈ L1loc(Rn),
then a given linear operator T is bounded on Lpw(Rn) if and only if its adjoint T ∗ is bounded on
L
p
w1−p′ (R
n).
2.2. Weighted Hardy spaces and weighted atoms
In Sections 2 and 3 below, we will assume the following:
(H1) L is a non-negative self-adjoint operator on L2(Rn);
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a Gaussian upper bound, that is
∣∣pt (x, y)∣∣ Ce− |x−y|2ct , x, y ∈ Rn
for all t > 0, where C,c are positive constants.
Let L be an operator satisfying (H1)–(H2). Set
H 2
(
R
n
)= R(L) = {Lu ∈ L2(Rn): u ∈ L2(Rn)},
and note that L2(Rn) = R(L)⊕N (L) = H 2(Rn)⊕N (L), where R(L) (resp. N (L)) stands for
the range (resp. the nullspace) of L, and the sum is orthogonal. Given a function f ∈ L2(Rn),
consider the square function associated to the heat semigroup generated by the operator L,
SL(f )(x) :=
( ∫ ∫
|y−x|<t
|t2Le−t2Lf (y)|2 dy dt
tn+1
)1/2
, x ∈ Rn.
Suppose w ∈ A∞. Define the spaces H 1L,w(Rn) as the completion of H 2(Rn) in the norm given
by the L1w-norm of the square function; e.g.,
‖f ‖H 1L,w(Rn) :=
∥∥SL(f )∥∥L1w(Rn).
Note. 1. Denote the Laplacian by  =∑ni=1 ∂2xi and e−t the heat semigroup on Rn, given by
e−tf (x) =
∫
Rn
pt (x − y)f (y) dy, t > 0,
where
pt(x − y) = 1
(4πt)n/2
exp
(
−|x − y|
2
4t
)
.
It follows from area integral characterization of weighted Hardy space by using convolution that
the classical weighted space H 1w(Rn) coincides with the space H 1,w(Rn) and their norms are
equivalent. See [5,17,31,33].
2. When w = 1, the Hardy space H 1L,w(Rn) associated to L, denoted by H 1L(Rn), was intro-
duced and studied in [20]. See also [2,4,13–16,21].
We next describe the notion of a (M,w)-atom associated to the operator L. Suppose w ∈ A∞.
We say that a function a(x) ∈ L2(Rn) is called a (M,w)-atom associated to an operator L,
M ∈ N, if there exists a function b ∈ D(LM), the domain of an operator L, and a ball B of Rn
such that
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(ii) suppLkb ⊂ B , k = 0,1, . . . ,M ;
(iii) ‖(r2BL)kb‖L2(Rn)  r2MB |B|1/2w(B)−1, k = 0,1, . . . ,M .
Note that when w = 1, it was in [20] that a theory Hardy space H 1L(Rn) associated to L was
presented, including an atomic (or molecular) decomposition, square function characterization
and duality of Hardy and BMO spaces. See also [2,13,21].
We will say that f =∑λjaj is an atomic (M,w)-representation (of f ) if {λj }∞j=0 ∈ 1, each
aj is a (M,w)-atom, and the sum converges in L2(Rn). Set
H
1
L,w
(
R
n
) := {f : f has an atomic (M,w)-representation},
with the norm ‖f ‖
H
1
L,w(R
n) given by
inf
{ ∞∑
j=0
|λj |: f =
∞∑
j=0
λjaj is an atomic (M,w)-representation
}
.
2.3. Finite speed propagation for the wave equation
Let L be an operator satisfying (H1)–(H2), and EL(λ) denotes its spectral decomposition, then
for every bounded Borel function F : [0,∞) → C, one defines the operator F(L) : L2(Rn) →
L2(Rn) by the formula
F(L) :=
∞∫
0
F(λ)dEL(λ). (2.1)
In particular, the operator cos(t
√
L) is then well defined on L2(Rn). Moreover, it follows from
Theorem 3 of [8] that there exists a constant c0 such that the Schwartz kernel Kcos(t√L)(x, y) of
cos(t
√
L) satisfies
suppKcos(t√L)(x, y) ⊂
{
(x, y) ∈ Rn × Rn: |x − y| c0t
}
. (2.2)
See also [6,28]. By the Fourier inversion formula, whenever F is an even bounded Borel function
with Fˆ ∈ L1(R), we can write F(√L) in terms of cos(t√L). Concretely, by recalling (2.1) we
have
F(
√
L) = (2π)−1
∞∫
−∞
Fˆ (t) cos(t
√
L)dt,
which, when combined with (2.2), gives
K
F(
√
L)
(x, y) = (2π)−1
∫
|t |c−10 |x−y|
Fˆ (t)Kcos(t
√
L)
(x, y) dt. (2.3)
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(t2L)κΦ(t
√
L)
(x, y) of
(t2L)κΦ(t
√
L) satisfies
suppK
(t2L)κΦ(t
√
L)
⊆ {(x, y) ∈ Rn × Rn: |x − y| t}. (2.4)
Proof. For the proof, we refer the reader to Lemma 3.5, [20]. 
Lemma 2.4. Let L be an operator satisfying (H1)–(H2). For every k = 0,1, . . . , there exist two
positive constants Ck , ck such that the kernel pt,k(x, y) of the operator t2L2ke−t2L satisfies
∣∣pt,k(x, y)∣∣ Ck
(4πt)n/2
exp
(
−|x − y|
2
ckt
)
∀t > 0, (2.5)
for almost every x, y ∈ Rn.
Proof. For the proof, we refer the reader to [9] and [32], Theorem 6.17. 
Next, for s > 0, we define
F(s) :=
{
ψ : C → C measurable: ∣∣ψ(z)∣∣ C |z|s
(1 + |z|2s)
}
.
Then for any non-zero function ψ ∈ F(s), we have that {∫∞0 |ψ(t)|2 dtt }1/2 < ∞. Denote by
ψt(z) = ψ(tz). It follows from the spectral theory in [35] that for any f ∈ L2(Rn),
{ ∞∫
0
∥∥ψ(t√L)f ∥∥2
L2(Rn)
dt
t
}1/2
=
{ ∞∫
0
〈
ψ¯(t
√
L)ψ(t
√
L)f,f
〉dt
t
}1/2
=
{〈 ∞∫
0
|ψ |2(t√L)dt
t
f, f
〉}1/2
= κ‖f ‖L2(Rn), (2.6)
where κ = {∫∞0 |ψ(t)|2dt/t}1/2, an estimate which will be often used in the sequel.
3. Atomic characterization of weighted Hardy spaces
Theorem 3.1. L is an operator satisfying (H1)–(H2).
(i) Let M  1 and w ∈ A1. If f ∈ H 1L,w(Rn) ∩ H 2(Rn), then there exists a family of (M,w)-
atoms {ai}∞i=0 and a sequence of numbers of {λi}∞i=0 such that f can be represented in the
form f =∑∞i=0 λiai , and the sum converges in the sense of L2(Rn)-norm. Moreover,
∞∑
|λi | C‖f ‖H 1L,w(Rn).i=0
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ai are all (M,w)-atoms, and the sum converges in L2(Rn). Then f ∈ H 1L,w(Rn) ∩ H 2(Rn)
and ∥∥∥∥∥
∞∑
i=0
λiai
∥∥∥∥∥
H 1L,w(R
n)
 C
∞∑
i=0
|λi |.
Proof. Step 1. Let f ∈ H 1L,w(Rn)∩H 2(Rn). We will prove that f has an atomic decomposition
by following the idea of [7].
Firstly, we need a result which was proved in Theorem 1 and Theorem 2 of Chapter IV in [31].
Denote SL,α(f )(x) = (
∫∫
|y−x|<αt |t2Le−t
2Lf (y)|2 dy dt
tn+1 )
1/2, the result is as follows. Suppose
w ∈ A∞, α  1, and 0 < q < ∞, then∥∥SL(f )∥∥Lqw ≈ ∥∥SL,α(f )∥∥Lqw . (3.1)
We start with a suitable version of the Calderón reproducing formula. Let ϕ and Φ be as
in Lemma 2.3, and set Ψ (x) := x2MΦ(x), x ∈ R. By L2-functional calculus [26], for every
f ∈ H 2(Rn) one can write
f = cΨ
∞∫
0
Ψ (t
√
L)t
√
Le−t
√
Lf
dt
t
= lim
N→∞ cΨ
N∫
1/N
Ψ (t
√
L)t
√
Le−t
√
Lf
dt
t
(3.2)
with the integral converging in L2(Rn).
Now define the family of sets D be dyadic cubes, Ωk := {x ∈ Rn: SL,10√n(f )(x) > 2k}, and
Dk := {Q ∈ D: w(Q∩Ωk) > w(Q)/2, w(Q∩Ωk+1)w(Q)/2}. We also denote by {Qlk} the
maximal cubes of Dk and denote
Q+ := {(x, t): x ∈ Q, (Q)/2 < t  (Q)},
where (Q) denote the sidelength of Q. Using the formula (3.2), we can write
f =
∑
k
∑
l
cΨ
∑
Q⊂Qlk
Q∈Dk
∫ ∫
Q+
Ψ (t
√
L)(x, y)t2Le−t2Lf (y)dy dt
t
=:
∑
k,l
λk,la
l
k, (3.3)
where alk = LMblk ,
blk =
cΨ
λk,l
∑
Q⊂Qlk
∫ ∫
Q+
t2MΦ(t
√
L)(x, y)t2Le−t2Lf (y)dy dt
tQ∈Dk
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λk,l = w(Q
l
k)
|Qlk|1/2
( ∑
Q⊂Qlk
Q∈Dk
∫ ∫
Q+
∣∣t2Le−t2Lf (y)∣∣2 dy dt
t
)1/2
.
We claim that, up to a normalization by a multiplicative constant, the alk are (M,w)-atom asso-
ciated to L.
Let us now prove the claim: that is, we shall show that for every k, l ∈ Z, the function C−1alk
is a (M,w)-atom associated with the cube 2
√
nQlk, for some constant C. Observe that y ∈
Qlk,0 < t  (Qlk). From Lemma 2.3, the integral kernel K(t2L)jΦt (
√
L)
(x, y) of the operator
(t2L)jΦt (
√
L) satisfies
suppK
(t2L)jΦt (
√
L)
(x, y) ⊂ {(x, y) ∈ Rn × Rn: |x − y| t}.
This concludes that for every j = 0,1, . . . ,M ,
supp
(
Ljblk
)⊂ 3Qlk.
To continue, for every cube Qlk consider some h ∈ L2(3Qlk) such that ‖h‖L2(3Qlk) = 1. Then
for every j = 0,1, . . . ,M , there holds
∣∣∣∣
∫ (

(
Qlk
)2
L
)j
blk(x)h(x) dx
∣∣∣∣
= cΨ
λk,l
∣∣∣∣ ∑
Q⊂Qlk
Q∈Dk
∫ ∫ ∫
Q+
t2M
(

(
Qlk
)2
L
)j
Φ(t
√
L)(x, y)t2Le−t2Lf (y)dy dt
t
h(x) dx
∣∣∣∣
 Cλ−1k,l 
(
Qlk
)2M( ∑
Q⊂Qlk
Q∈Dk
∫ ∫
Q+
∣∣t2Le−t2Lf (y)∣∣2 dy dt
t
)1/2
×
( ∫
R
n+1+
∣∣(t2L)jΦ(t√L)h(y)∣∣2 dy dt
t
)1/2
 Cλ−1k,l 
(
Qlk
)2M( ∑
Q⊂Qlk
Q∈Dk
∫ ∫
Q+
∣∣t2Le−t2Lf (y)∣∣2 dy dt
t
)1/2
 C
(
Qlk
)2M ∣∣Qlk∣∣1/2w(Qlk)−1.
Since h is arbitrary, this estimate entails
∥∥((Qlk)2L)j blk∥∥ 2 l  C(Qlk)2M ∣∣Qlk∣∣1/2w(Qlk)−1L (3Qk)
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a (M,w)-atom associated to L, supported in the ball B(xlk, c1(Q
l
k)) for some constant c1, where
xlk is the center of the cube Q
l
k . This proves our earlier claim.
It remains to prove that
∑
k,l |λk,l | C. We claim that
∑
l
w(Qlk)
|Qlk|
∑
Q⊂Qlk
Q∈Dk
∫ ∫
Q+
∣∣t2Le−t2Lf (y)∣∣2 dy dt
t
 C22kw(Ωk). (3.4)
Once (3.4) is proved, we apply Hölder’s inequality to obtain
∑
k,l
|λk,l | =
∑
k,l
w(Qlk)
|Qlk|1/2
( ∑
Q⊂Qlk
Q∈Dk
∫ ∫
Q+
∣∣t2Le−t2Lf (y)∣∣2 dy dt
t
)1/2
 C
∑
k
(∑
l
w
(
Qlk
))1/2(∑
l
w(Qlk)
|Qlk|
∑
Q⊂Qlk
Q∈Dk
∫ ∫
Q+
∣∣t2Le−t2Lf (y)∣∣2 dy dt
t
)1/2
 C
∑
k
w(Ωk) · 2k
 C
∥∥SL,10√n(f )∥∥L1w
 C
∥∥SL(f )∥∥L1w .
Let us prove (3.4). Suppose P is arbitrary cube in Rn. Denote
Mw(g)(x) := sup
x∈P
1
w(P )
∫
P
∣∣g(y)∣∣w(y)dy,
and
Ω∗k :=
{
x ∈ Rn: Mw(χΩk )(x) >
1
2
}
.
It follows from the fact that the operator Mw is weak type (1,1) with w(z)dz measure that
w(Ω∗k ) Cw(Ωk). We observe that if x ∈ Q, (y, t) ∈ Q+, then |x − y| < 10
√
nt . In further, if
Q ∈ Dk and Q ⊂ Qlk , then Q ⊂ Ω∗k . This gives
∫
χΩ∗k \Ωk+1(x)χ
(
x − y
10
√
nt
)
w(x)dx w
(
Q∩ (Ω∗k \Ωk+1))
= w(Q∩Ω∗k )−w(Q∩Ωk+1)
w(Q)/2.
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w(Q)
w(Qlk)
). Then estimate (3.4)
is obtained because
∑
l
w(Qlk)
|Qlk|
∑
Q⊂Qlk
Q∈Dk
∫ ∫
Q+
∣∣t2Le−t2Lf (y)∣∣2 dy dt
t

∑
l
∑
Q⊂Qlk
Q∈Dk
w(Q)
|Q|
∫ ∫
Q+
∣∣t2Le−t2Lf (y)∣∣2 dy dt
t
 C
∑
l
∑
Q⊂Qlk
Q∈Dk
∫ ∫ ∫
Q+
χΩ∗k \Ωk+1(x)χ
(
x − y
10
√
nt
)
w(x)dx
∣∣t2Le−t2Lf (y)∣∣2 dy dt
tn+1
 C
∫
Ω∗k \Ωk+1
S2
L,10
√
n
f (x)w(x)dx
 C22kw
(
Ω∗k
)
 C22kw(Ωk).
In conclusion, let f ∈ H 2(Rn) ∩ H 1L,w(Rn). Then for each integer M , f has a weighted atomic
decomposition f =∑j λjaj satisfying the following properties:
(1) there is a constant C such that for each j , Caj is a (M,w)-atom;
(2) ∑j |λj | ≈ ‖f ‖H 1L,w(Rn).
In further, we can see that the sum f = ∑j λj aj converges in L2(Rn). In fact, we use the
equality (3.3) to write∥∥∥∥∥
∞∑
k=N
∞∑
l=N ′
λk,la
l
k(x)
∥∥∥∥∥
L2(Rn)

∞∑
k=N
∞∑
l=N ′
∥∥λk,lalk(x)∥∥L2(Rn)
 C
∞∑
k=N
∞∑
l=N ′
∥∥∥∥ ∑
Q⊂Qlk
Q∈Dk
∫ ∫
Q+
Ψ (t
√
L)(x, y)t2Le−t2Lf (y)dy dt
t
∥∥∥∥
L2(Rn)
 C
∞∑
k=N
∞∑
l=N ′
sup
‖h‖21
∑
Q⊂Qlk
Q∈Dk
∫ ∫
Q+
∣∣t2Le−t2Lf (y)∣∣∣∣Ψ (t√L)h(y)∣∣dy dt
t
 C
∞∑
k=N
∞∑
l=N ′
∑
Q⊂Qlk
(∫ ∫
Q+
∣∣t2Le−t2Lf (y)∣∣2 dy dt
t
)1/2
.Q∈Dk
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( ∫ ∫
R
n+1+
∣∣t2Le−t2Lf (y)∣∣2 dy dt
t
)1/2
 C‖f ‖L2(Rn),
and Rn+1+ is the union set of all the disjoint sets
∑
Q⊂Qlk
Q∈Dk
Q+ for k, l = 1,2, . . . . Then we have
∥∥∥∥∥
∞∑
k=N
∞∑
l=N ′
λk,la
l
k(x)
∥∥∥∥∥
L2(Rn)
→ 0,
as N → 0, N ′ → 0.
Step 2. Let us now move to part (ii) of Theorem 3.1. By definition, it is easy to see that
H
1
L,w(R
n) ⊂ H 2(Rn). We now state an important lemma.
Lemma 3.2. Fix M ∈ N and w ∈ A∞. Assume that T is a sublinear operator, satisfying the
weak-type (2,2) bound
μ
{
x ∈ Rn: ∣∣Tf (x)∣∣> η} CT η−2‖f ‖2L2(Rn), ∀s > 0, (3.5)
and that for every (M,w)-atom a, we have
‖T a‖L1(X)  C (3.6)
with constant C independent of a. Then T is bounded from H1L,w(Rn) to L1w(Rn), and
‖Tf ‖L1w(Rn)  C‖f ‖H1L,w(Rn).
Proof. The proof is similar to that of Lemma 4.3 in [20] and so we skip it here. See also [21]. 
From Lemma 3.2, it remains to establish a uniform L1w bound on atoms, i.e., that there exists
a constant C > 0 such that for every (M,w)-atom a associated to a ball B = B(xB, rB) (xB is
the center of B , rB is the radius of B),
∥∥SL(a)∥∥L1w(Rn)  C. (3.7)
We write
∫
SL(a)(x)w(x)dx =
∫
2B
SL(a)(x)w(x)dx +
+∞∑
k=1
∫
2k+1B\2kB
SL(a)(x)w(x)dx
=: I1 +
+∞∑
Ik.
k=1
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tain
I1 
( ∫
2B
S2L(a)(x) dx
)1/2( ∫
2B
w2(x) dx
)1/2
 C‖a‖L2(Rn)
( ∫
2B
w2(x) dx
)1/2
.
Using w ∈ RH 2, we have that
( ∫
2B
w2(x) dx
)1/2
 Cw(2B)|2B|−1/2  C2n/2w(B)|B|−1/2.
Noting that ‖a‖L2(Rn)  |B|1/2w(B)−1, we have that I1  C.
Turning to Ik , k = 1,2, . . . . Using Hölder’s inequality, we obtain
Ik  C
( ∫
2kB\2k−1B
∣∣SL(a)(x)∣∣2 dx
)1/2
·
( ∫
2kB
w(x)2 dx
)1/2
.
Applying w ∈ RH 2 again, we get
Ik  C
( ∫
2kB\2k−1B
∣∣SL(a)(x)∣∣2 dx
)1/2
w(2kB)
|2kB|1/2 . (3.8)
For any x ∈ 2kB \ 2k−1B , one writes
S2L(a)(x) =
( rB∫
0
+
+∞∫
rB
) ∫
|x−y|<t
∣∣t2Le−t2La(y)∣∣2 dy dt
tn+1
=: J1 + J2.
We observe that x ∈ 2kB \ 2k−1B , z ∈ B, and |x − y| < rB imply |y − z|  C2krB . Applying
Lemma 2.4, we have
J1  C
rB∫
0
∫
|x−y|<t
(∫
t
(t + |y − z|)n+1
∣∣a(z)∣∣dz)2 dy dt
tn+1
 C
‖a‖2
L1(Rn)
(2krB)2n+2
rB∫ ∫
t2 dy
dt
tn+1
0 |x−y|<t
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2k(2n+2)|B| ‖a‖
2
L2(Rn)
 C 1
2k(2n+2)w(B)2
,
where in the last inequality we used the condition ‖a‖L2(Rn)  |B|1/2w(B)−1.
Consider the term J2. Since a is (M,w)-atom, we apply Lemma 2.4 to obtain
J2 =
∞∫
rB
∫
|x−y|<t
∣∣t2Le−t2L(LMb)(y)∣∣2 dy dt
tn+1
=
∞∫
rB
∫
|x−y|<t
∣∣(t2L)M+1e−t2Lb(y)∣∣2 dy dt
tn+4M+1
 C
+∞∫
rB
∫
|x−y|<t
(∫
t
(t + |y − z|)n+1
∣∣b(z)∣∣dz)2 dy dt
tn+4M+1
.
Note that |x − z| |x − y| + |y − z| t + |y − z|, and |x − z| C2krB , and also ‖b‖L2(Rn) 
r2MB |B|1/2w(B)−1. We write
J2  C
1
(2krB)2n+2
‖b‖2
L1(Rn)
∞∫
rB
dt
t4M−1
 C 1
2k(2n+2)|B| · ‖b‖
2
L2(Rn)r
−4M
B
 C 1
2k(2n+2)w(B)2
,
whenever M  1. Combining J1 and J2, we note that w ∈ A1 and apply (vii) of Lemma 2.1 to
obtain
Ik  C2−k(n+1)w
(
2kB
)
w(B)−1  C2−k,
which completes the proof of (3.7) and the proof of Theorem 3.1. 
Corollary 3.3. Given M  1 and w ∈ A1 ∩RH 2. Then H 2(Rn)∩H 1L,w(Rn) = H1L,w(Rn), with
the equivalent norm
‖f ‖H 1L,w(Rn) ≈ ‖f ‖H1L,w(Rn).
In further, we have the following theorem.
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H 1L,w(R
n), then there exists a family of (M,w)-atoms {ai}∞i=0 and a sequence of numbers of{λi}∞i=0 such that f can be represented in the form
f =
∞∑
i=0
λiai in H 1L,w
(
R
n
)
Moreover,
∞∑
i=0
|λi | C‖f ‖H 1L,w(Rn).
Proof. Firstly, consider f ∈ H 1L,w(Rn) ∩ H 2(Rn). From Theorem 3.1, there exists a family of
(M,w)-atoms {ai}∞i=0 and a sequence of numbers of {λi}∞i=0 such that f can be represented in
the form
f =
∞∑
i=0
λiai in L2
(
R
n
)
.
Take fN =∑Ni=0 λiai . We have that fN → f in L2(Rn) as N → ∞, and thus
∥∥SL(fN − f )∥∥L2(Rn) → 0.
It follows by F. Riesz’s Theorem that we can take subsequence to obtain SL(fNk − f ) → 0
a.e., and
lim
k′→∞
SL(fNk − fNk′ ) = SL(fNk − f ), a.e.
By Theorem 3.1, we have that limk, k′→∞ ‖SL(fNk −fNk′ )‖L1w(Rn)  C limk,k′→∞
∑k′
i=k |λi | = 0.
Consequently, for any given η > 0,
∥∥SL(fNk − f )∥∥L1w(Rn) =
∫
Rn
lim inf
k′→∞
SL(fNk − fNk′ )w(x)dx
 lim inf
k′→∞
∫
Rn
SL(fNk − fNk′ )w(x)dx
 η
for k chosen large enough. This gives the proof in the special case.
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fm ∈ H 1L,w(Rn)∩H 2(X) such that
f =
∑
m
fm in H 1L,w
(
R
n
)
,
and
∑
m ‖fm‖H 1L,w(Rn)  C‖f ‖H 1L,w(Rn). We have proved that
fm =
∑
j
μmj b
m
j in H
1
L,w
(
R
n
)
,
where the bmj are all (M,w)-atoms, and
∑
j |μmj | C‖fm‖H 1L,w(Rn). Therefore,
f =
∑
m
∑
j
μmj b
m
j in H
1
L,w
(
R
n
)
and
∑
m,j
∣∣μmj ∣∣∑
m
∑
j
|μmj | C
∑
m
‖fm‖H 1L,w(Rn)  C‖f ‖H 1L,w(Rn).
The proof is complete. 
4. Proof of Theorem 1.1
Firstly, the operator ∇L−1/2 is bounded on L2(Rn). Indeed, for f ∈ L2(Rn) we obtain
∫
Rn
∣∣∇L−1/2f (x)∣∣2 dx  ∫
Rn
∣∣∇L−1/2f (x)∣∣2 dx + ∫
Rn
V (x)
∣∣L−1/2f (x)∣∣2 dx
= Q(L−1/2f,L−1/2f )
= ‖f ‖2
L2(Rn).
The latter equality follows from the fact that for any symmetric form Q associated with an
operator L, one has D(Q) = D(L1/2) and Q(u,v) = (L1/2u,L1/2v) (see Chapter 7 of [32]).
It was proved in [11] that by the molecular decomposition of functions in the Hardy space
H 1SL(R
n), the operator ∇L−1/2 is bounded from H 1SL(Rn) into L1(Rn), and by interpolation,
bounded on Lp(Rn) for all 1 <p  2.
4.1. Lpw-boundedness for Riesz transform
We first prove part (i) of Theorem 1.1. Let Kt,m(y, z) be the kernel of the operator
(I − e−tL)T ∗, where T ∗ is the adjoint operator of T = ∇L−1/2. Then we have the following
result.
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∞∑
m=0
2m
(
2m
√
t
)n/2( ∫
2m
√
t|y−z|<2m+1√t
∣∣Kt,m(y, z)∣∣2 dz
)1/2
 C < +∞,
where C is a positive constant independent of t and y ∈ Rn.
Proof. For the proof of this lemma, see Lemma 4.1 of [12]. 
Proposition 4.2. Let T = ∇L−1/2. Let w ∈ Aq/2, and q > 2. Then there is a constant C > 0 such
that
∥∥T ∗f ∥∥
L
q
w(R
n)
 C‖f ‖Lqw(Rn). (4.1)
Proof. Following [25], we define a variant of Fefferman–Stein sharp maximal function M#L as-
sociated to L, given by
M#Lf (x) := sup
x∈B
1
|B|
∫
B
∣∣f (y)− e−r2BLf (y)∣∣dy,
where rB is the radius of the ball B . The Hardy–Littlewood maximal function Mδ, δ  1, is
defined by
Mδ(f )(x) :=
(
sup
x∈B
1
|B|
∫
B
∣∣f (y)∣∣δ dy)1/δ, δ  1.
We now claim that there exists a constant C such that
M#L
(
T ∗f
)
(x) CM2(f )(x). (4.2)
Once (4.2) is established, it follows from Corollary 4.3 of [25], and the boundedness of Hardy–
Littlewood maximal operator on Lq/2w (Rn), q > 2, to obtain∥∥T ∗f ∥∥
L
q
w
 C
∥∥M#L(T ∗f )∥∥Lqw  C∥∥M2(f )∥∥Lqw  C‖f ‖Lqw ,
and the desired estimate (4.1) follows readily.
Let us prove (4.2). Fix a ball B  x and split f as f = f χ2B + f χ(2B)c =: f1 + f2. We write
1
|B|
∫
B
∣∣(I − e−r2BL)T ∗f (y)∣∣dy
 1|B|
∫
B
∣∣T ∗f1(y)∣∣dy + 1|B|
∫
B
∣∣e−r2BLT ∗f1(y)∣∣dy + 1|B|
∫
B
∣∣(I − e−r2BL)T ∗f2(y)∣∣dy
=: I + II + III.
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I C
(
1
|B|
∫
B
∣∣T ∗f1(y)∣∣2 dy
)1/2
 C
(
1
|B|
∫ ∣∣f1(y)∣∣2 dy
)1/2
 CM2(f )(x).
Note that ‖e−r2BLf ‖L2(Rn)  C‖f ‖L2(Rn). An argument as above shows that II  CM2(f )(x).
To estimate term III, we use Lemma 4.1 to obtain
III 1|B|
∫
B
∫
(2B)c
∣∣Kr2B,m(y, z)∣∣∣∣f2(z)∣∣dzdy
 C 1|B|
∫
B
∞∑
m=0
∫
2mrB|y−z|<2m+1rB
∣∣Kr2B,m(y, z)∣∣∣∣f (z)∣∣dzdy
 C 1|B|
∫
B
∞∑
m=0
2m
(
2mrB
)n/2( ∫
2mrB|y−z|<2m+1rB
∣∣Kr2B,m(y, z)∣∣2 dz
)1/2
× 2−m
(
1
|2m+2B|
∫
2m+2B
∣∣f (z)∣∣2 dz)1/2 dy
 C sup
m0
2−m
(
1
|2m+2B|
∫
2m+2B
∣∣f (z)∣∣2 dz)1/2
 CM2(f )(x).
We obtain (4.2) and finish the argument. 
Proof of part (i) of Theorem 1.1. It follows from Lemma 4.4 of [3] that for 1 < p < 2 and
w ∈ Ap ∩ RH(p/2)′ , we have that w1−p′ ∈ Ap′/2. Observe that ‖Tf ‖Lpw(Rn)  C‖f ‖Lpw(Rn) if
and only if
∥∥T ∗f ∥∥
L
p′
w1−p′ (R
n)
 C‖f ‖
L
p′
w1−p′ (R
n)
.
Hence by Proposition 4.2, the operator ∇L−1/2 is bounded on Lpw(Rn) for 1 <p < 2. 
4.2. H 1L,w–H
1
w boundedness for Riesz transform
We turn to study boundedness of Riesz transform ∇L−1/2 on weighted Hardy spaces.
4.2.1. H 1L,w(R
n)–L1w boundedness
First, we observe that the operator t∇e−t2L satisfies a Davies–Gaffney estimate.
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we have
∥∥t∇e−t2Lf ∥∥
L2(F )  Ce
− dist(E,F )2
ct2 ‖f ‖L2(E)
for every f ∈ L2(Rn) supported in E.
Proof. The proof is similar to that of the case when L is a divergence form operator, and is
omitted. See, for example, Lemma 2.1 of [1]. 
Theorem 4.4. Let L be the Schrödinger operator as in Section 1. Suppose w ∈ A1 ∩RH 2. Then
the operators ∇L−1/2 are bounded from H 1L,w(Rn) to L1w(Rn).
Proof. By density, it is enough to show that
∥∥∇L−1/2f ∥∥
L1w(R
n)
 C‖f ‖H 1L,w(Rn)
for H 2(Rn) ∩ H 1L,w(Rn). Since ∇L−1/2 is linear and bounded on L2(Rn), by Lemma 3.2 and
Corollary 3.3, it is enough to prove that there exist constant C > 0 and M > n/4, for every
(M,w)-atom a associated to a ball B = B(xB, rB) (xB is the center of B , rB is the radius of B),
∥∥∇L−1/2a∥∥
L1w(R
n)
 C. (4.3)
Now we prove (4.3). Set S0(B) = 2B and Sk(B) = 2k+1B \ 2kB , for k = 1,2, . . . ,
∫
Rn
∣∣∇L−1/2a(x)∣∣w(x)dx = ∞∑
k=0
∫
Sk(B)
∣∣∇L−1/2a(x)∣∣w(x)dx. (4.4)
Using Hölder’s inequality and the fact that ‖∇L−1/2a‖L2(Rn)  C‖a‖L2(Rn) and w ∈ RH 2, we
have
∫
S0(B)
∣∣∇L−1/2a(x)∣∣w(x)dx  C( ∫
2B
∣∣∇L−1/2a(x)∣∣2 dx)1/2 ·( ∫
2B
w(x)2 dx
)1/2
 C‖a‖L2(B) · −
∫
2B
w(x)dx|B|1/2
 C,
since ‖a‖L2(B)  |B|1/2w(B)−1. For k = 1,2, . . . , using Hölder’s inequality again, we have
∫ ∣∣∇L−1/2a(x)∣∣w(x)dx  ( ∫ ∣∣∇L−1/2a(x)∣∣2 dx)1/2 ·( ∫
k+1
w(x)2 dx
)1/2
.Sk(B) Sk(B) 2 B
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2k+1B
w(x)2 dx
)1/2
 C w(2
k+1B)
|2k+1B|1/2 . (4.5)
For the former term, we apply the formula (1.4) to obtain
( ∫
Sk(B)
∣∣∇L−1/2a(x)∣∣2 dx)1/2 = 1√
π
∥∥∥∥∥
∞∫
0
s∇e−s2La ds
s
∥∥∥∥∥
L2(Sk(B))
 C
( rB∫
0
+
∞∫
rB
)∥∥s∇e−s2La∥∥
L2(Sk(B))
ds
s
=: I + J. (4.6)
Since M > n/4, we can choice M ′ such that n/4 <M ′ <M . Applying Lemma 4.3, one writes
I C
rB∫
0
e
− (2krB )2
s2 ‖a‖L2(B)
ds
s
 C2−2kM ′‖a‖L2(B)
 C2−2kM ′ |B|1/2w(B)−1. (4.7)
Consider the term J. Noting that a is (M,w)-atom, we apply Lemma 4.3 again to obtain
J = C
∞∫
rB
∥∥s∇e− s2L2 (s2L)Me− s2L2 b∥∥
L2(Sk(B))
ds
s2M+1
 C
∞∫
rB
e
− (2krB )2
s2
ds
s2M+1
‖b‖L2(B)
 C
∞∫
rB
s2M
′
(2krB)2M ′
ds
s2M+1
‖b‖L2(B)
 C2−2kM ′ |B|
1/2
w(B)
. (4.8)
Estimate (4.5) together with (4.7) and (4.8) implies that∫
Sk(B)
∣∣∇L−1/2a(x)∣∣w(x)dx  C 1
2k(2M ′−n/2)
, k = 1,2, . . . .
Putting into (4.4), we have showed (4.3) and finished the argument. 
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In this subsection, we will review the atomic characterization of H 1w(Rn) and give a new
molecular characterization for H 1w(Rn), which can be used to prove (ii) of Theorem 1.1.
Let us recall the classical weighted Hardy spaces H 1w(Rn), which have been extensively stud-
ied by [17,31,34,18]. Suppose w ∈ A∞. It is well known that the classical weighted Hardy space
H 1w(R
n) can be characterized by means of the square or maximal function associated with the
Poisson semigroup e−t
√
L or the heat semigroup e−tL, where L = − is the Laplace operator,
see [17,31]. A slightly more general point of view is as follows. Let ψ be a non-zero function
in S(Rn) with ∫ ψ(x)dx = 0, where S(Rn) denotes the Schwartz class of smooth functions,
rapidly decreasing at infinity, satisfy
∫∞
0 |ψˆ(tξ)|2 dtt = 1, ξ = 0. Set ψt(x) := t−nψ(x/t) for
x ∈ Rn and t > 0. Set Γ (x) := {(y, t) ∈ Rn × (0,∞): |x − y| < t}, x ∈ Rn. Define
Sψf (x) =
(∫ ∫
Γ (x)
∣∣ψt ∗ f (y)∣∣2 dy dt
tn+1
)1/2
.
A basic result in [31] is that for all ψ as above, the norms ‖Sψf ‖L1w are equivalent. Then f
belongs to the weighted Hardy space H 1w(Rn) if and only if Sψf ∈ L1w(Rn) with the norms
‖f ‖H 1w(Rn) := ‖Sψf ‖L1w .
Recall [31]. A function a(x) ∈ L2(Rn) is called a w-atom, if there exists a ball B of Rn such
that
(i) suppa ⊂ B;
(ii) ( 1|B|
∫
B
|a(x)|2 dx)1/2 w(B)−1;
(iii) ∫
B
a(x) dx = 0.
In the following, we give a characterization for H 1w(Rn) in term of the weighted atom.
Theorem 4.5. Let w ∈ A1. Let f ∈ H 1w(Rn). Then, there exist w-atoms aj and real numbers λj ,
j = 1,2, . . . , such that
f (x) =
∑
j
λjaj (x), x ∈ Rn, (4.9)
where the sum converges both in the sense of L1w(Rn) and H 1w(Rn)-norm, and
∑∞
j=1 |λj | 
C‖f ‖H 1w(Rn), for some C = C(n) > 0.
Conversely, let w ∈ A1 ∩RH 2. Any function as in (4.9), where the aj ’s are w-atoms, satisfies
‖f ‖H 1w(Rn)  C
∞∑
j=1
|λj |.
Proof. For the proof, we refer to pp. 111–112, Theorem 1 of [31]. 
To obtain ‖∇L−1/2f ‖H 1w(Rn)  C‖f ‖H 1L,w(Rn), we need to define new weighted H
1(Rn)-
molecules.
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ated to a ball B , if there exists a ball B ⊂ Rn such that
(i) ∫
Rn
m(x)dx = 0;
(ii) ‖m‖L2(Si (B))  2−i |2iB|1/2w(2iB)
−1
, i = 0,1, . . . ,
where S0(B) = 2B , and Si(B) = 2i+1B \ 2iB , i = 1,2, . . . .
Note that for each w-atom, it is an (,w)-molecule, for all  > 0. Then we have the following
characterization for H 1w(Rn) in term of new weighted molecules.
Theorem 4.7. Let w ∈ A1 and f ∈ H 1w(Rn). Then, there exist (,w)-molecules mj and real
numbers λj , j = 1,2, . . . , such that
f (x) =
∑
j
λjmj (x), x ∈ Rn. (4.10)
where the sum converges both in the sense of L1w(Rn) and H 1w(Rn)-norm, and
∑∞
j=1 |λj | 
C‖f ‖H 1w(Rn), for some C = C(n) > 0.
Conversely, let w ∈ A1 ∩ RH2 and  > n/2. Then any function as in (4.10), where the mj ’s
are (,w)-molecules, satisfies
‖f ‖H 1w(Rn)  C
∞∑
j=1
|λj |.
Proof. From Theorem 4.5, it suffices to prove the second part. It is enough to prove that there
exists a constant C > 0 such that for  > n/2, each (,w)-molecule m associated to B ,
m ∈ H 1w
(
R
n
)
and ‖m‖H 1w  C. (4.11)
Denote mk(x) := m(x)χSk(B)(x). We can decompose m(x) as
m(x) =
∞∑
k=0
mk(x) =
∞∑
k=0
(
mk(x)−Nk(x)
)+ ∞∑
k=0
Nk(x),
where Nk(x) = 1|Sk(B)|
∫
mk(y)dy · χSk(B)(x).
By Theorem 4.5, to show both
∑∞
k=0(mk(x)−Nk(x)) and
∑∞
k=0 Nk(x) in H 1w(Rn), it suffices
to verify that
(I) each (mk(x)−Nk(x)) is a multiple of w-atom with a sequence of coefficients in 1.
(II) the sum ∑∞k=0 Nk(x) can be written as an infinite linear combination of w-atom with a
sequence of coefficients in 1.
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(A) ∫ mk(x)dx = ∫ Nk(x)dx;
(B) supp(mk(x)−Nk(x)) ⊂ 2kB;
(C) ‖mk(x)−Nk(x)‖L2(Sk(B))  C2−k |2kB|1/2w(2kB)−1.
Therefore a(1)k := 2k(mk(x)−Nk(x)) are (possibly multiplicative a constant) w-atom associated
to 2kB . Then
∑∞
k=0(mk(x)−Nk(x)) =
∑∞
k=0 2−ka
(1)
k . This proves (I).
Consider (II). Denote ηk :=
∫
mk(y)dy, we rewrite
∑∞
k=0 Nk(x) =
∑∞
k=0 ηk
Nk(x)
ηk
. Applying
Abel’s summation formula and noting that
∑∞
k=0 ηk = 0, we get
∞∑
k=0
ηk
Nk(x)
ηk
=
∞∑
k=0
( ∞∑
j=k
ηj −
∞∑
j=k+1
ηj
)
Nk(x)
ηk
=
∞∑
k=0
( ∞∑
j=k+1
ηj
)
·
(
Nk+1(x)
ηk+1
− Nk(x)
ηk
)
=:
∞∑
k=0
Pk ·ψk(x).
Using Hölder’s inequality and the definition of (,w)-molecule, one writes
|Pk|
∞∑
j=k+1
|ηj |

∞∑
j=k+1
∫ ∣∣mj(x)∣∣dx
 C
∞∑
j=k+1
‖mj‖L2(Sj (B))
∣∣2j (B)∣∣1/2
 C
∞∑
j=k+1
2−j |2
jB|
w(2jB)
.
From Lemma 2.2, we have
w(2kB)
w(2jB)

( |2kB|
|2jB|
)1/2
.
We apply  > n/2 to obtain
|Pk| C2−kn/2
∞∑
2−j (−n/2) |2
kB|
w(2kB)
 C2−k |2
kB|
w(2kB)
. (4.12)
j=k+1
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∞∑
k=0
Pk ·ψk(x) =
∞∑
k=0
2−k · (2kPkψk(x)).
It is easy to see that |2kPkψk(x)| Cw(2kB)−1 and supp 2kPkψk(x) ⊂ 2k+1B . We then ob-
tain ‖2kPkψk(x)‖L2  C|2kB|1/2w(2kB)−1. Observe that
∫
2kPkψk(x) dx = 0, we showed
2kPkψk(x) are w-atom associated to 2kB . Therefore we completed the proof of (II) and that of
Theorem 4.7. 
4.2.3. Proof of part (ii) of Theorem 1.1
By density, it is enough to show that
∥∥∇L−1/2f ∥∥
H 1w(R
n)
 C‖f ‖H 1L,w(Rn)
for H 2(Rn) ∩ H 1L,w(Rn). Since the operator ∇L−1/2 is linear and bounded on L2(Rn), by
Lemma 3.2 and Corollary 3.3, it is enough to prove that for each (M,w)-atom a associated
to a ball B , ∇L−1/2a is an (,w)-molecule, where M > n/2 and  > n/2. It is easy to observe
that
∫ ∇L−1/2a(x) dx = 0. Recall that Sk(B) as Definition 4.6, we have Rn =⋃∞k=0 Sk(B).
By Hölder’s inequality and the L2 boundedness of ∇L−1/2, we write
( ∫
2B
∣∣∇L−1/2a(x)∣∣2 dx)1/2  C‖a‖L2(B)  C|B|1/2w(B)−1.
Since M > n/2, we can choose n/2 <M ′ <M . Estimates (4.7) and (4.8) give
( ∫
Sk(B)
∣∣∇L− 12 a(x)∣∣2 dx)1/2  C2−2kM ′ |B|1/2w(B)−1
 C2−k(2M ′− n2 )
∣∣2kB∣∣1/2w(2kB)−1.
We have proved ∇L−1/2a is a (2M ′ − n2 ,w)-molecule. By Theorem 4.7, the operator ∇L−1/2
is bounded from H 1L,w(Rn) into H 1w(Rn). Hence, we have finished the argument of part (ii) of
Theorem 1.1.
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